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In	  this	  talk	  (preview):	  
Q: What is quantum integrability? How is it defined? 
Hamiltonian operator H is said to be integrable if…???  

No clear unambiguous definition! 
(See e.g. B. Sutherland, Beautiful Models (2004) for review)  

e.g.	  no	  natural	  noLon	  of	  an	  integral	  of	  moLon:	  for	  any	  H0	  can	  find	  a	  
full	  set	  of Hk such	  that	  [H0 , Hk]=0 

1.   ProperLes	  of	  quantum	  integrable	  models:	  Hubbard	  model	  on	  a	  ring	  
  Exact	  soluLon	  via	  Bethe’s	  Ansatz	  
  Energy	  level	  crossings	  in	  violaLon	  of	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

Wigner-‐v.	  Neumann	  noncrossing	  rule	  
  Poisson	  level	  staLsLcs	  

H0 =
NX

1

En|n⇥�n|, Hk = |k⇥�k|



In	  this	  talk	  (preview):	  
2.   Dynamical	  properLes	  of	  integrable	  models	  

  Exactly	  solvable	  mulL-‐state	  Landau-‐Zener	  problems	  
  Generalized	  Gibbs	  distribuLon	  	  	  

3.   What	  is	  required	  of	  a	  good	  definiLon	  of	  quantum	  integrability?	  

4.   Classical	  integrability	  	  
5.   DifficulLes	  in	  defining	  quantum	  integrability	  
6.   Proposed	  definiLon	  –	  fix	  parameter	  dependence	  

7.   ClassificaLon	  (types	  1,	  2,…)	  and	  explicit	  construcLon.	  Examples:	  Hubbard,	  
XXZ,	  Gaudin	  models	  

8.   Consequences:	  exact	  soluLon,	  level	  xings,	  Yang-‐Baxter,	  Poisson	  staLsLcs	  

9.   Type	  1	  =	  Gaudin	  magnets	  

10.   Hubbard	  model:	  addiLonal	  conservaLon	  laws,	  simplificaLon	  of	  BA	  	  
11.   	  Can	  we	  solve	  mulL-‐state	  Landau-‐Zener	  for	  a	  much	  wider	  class	  of	  

Hamiltonians?	  

Hi(u) = Ti + uVi, [Hi(u), Hj(u)] = 0 for all u



ProperLes	  of	  quantum	  integrable	  models:	  Exact	  SoluLon	  
	  Example:	  Hubbard	  model	  

Ĥ = T
�

j,s=�⇥
(c†jscj+1 s + c†j+1 scjs) + U

�

j

n̂j�n̂j⇥

!ght-‐binding	  +	  onsite	  interac!ons,	  
electrons	  on	  a	  ring	  

H	  depends	  linearly	  on	  
one	  parameter	  u=U/T 

N=6 cites,	  3	  spin-‐up,	  M=3 spin-‐down	  

Exact	  SoluLon	  (Bethe’s	  Ansatz):	  

e6ikj =
3Y

�=1

�� � sin kj � iu/4

�� � sin kj + iu/4
,

3Y

�=1

�� � �⇥ + iu/2

�� � �⇥ + iu/2
= �

6Y

j=1

�⇥ � sin kj � iu/4

�⇥ � sin kj � iu/4

9	  coupled	  nonlinear	  equa!ons	  

E = �
6X

j=1

2 cos kj , P =

6X

j=1

kj , |P, S, Sz, . . . ⇥ = . . .

E.H. Lieb and F.Y.Wu (1969) 



ProperLes	  of	  quantum	  integrable	  models:	  Level	  crossings	  
	  Example:	  Hubbard	  model	  

Ĥ = T
�

j,s=�⇥
(c†jscj+1 s + c†j+1 scjs) + U

�

j

n̂j�n̂j⇥

H	  depends	  linearly	  on	  one	  parameter	  u=U/T 

Energies	  for	  a	  14	  x	  14	  block	  of	  1d	  
Hubbard	  on	  six	  sites	  characterized	  by	  
a	  complete	  set	  of	  quantum	  numbers	  	  	  

“The noncrossing rule is 
apparently violated in the 
case of the 1d Hubbard 
Hamiltonian for benzene 
molecule [six sites]…” 

H(u)=A+uB	  is	  a	  14 x 14 Hermi!an	  
matrix	  linear	  in	  real	  parameter	  u 



CommuLng	  integrals	  (conservaLon	  laws)	  
	  Example:	  Hubbard	  model	  

Ĥ1(u) = �i

NX

j=1

X

s=⇥⇤
(c†j+2scjs � c†jscj+2s)� iu

NX

j=1

X

s=⇥⇤
(c†j+1scjs � c†jscj+1s)(n̂j+1,�s + n̂j,�s � 1)

[

ˆH0(u), ˆH1(u)] = 0 for all u

n̂j� = c†jscj s
Ĥ ⌘ Ĥ0(u) =

NX

j=1

X

s=�⇥
(c†jscj+1 s + c†j+1 scjs) + u

NX

j=1

n̂j�n̂j⇥

Both	  the	  Hamiltonian	  and	  first	  conserved	  current	  are	  
HermiLan	  matrices	  linear	  in	  real	  parameter	  u 

H2(u), H3(u), H4(u),… -‐	  in	  principle,	  infinitely	  many	  integrals	  of	  
moLon	  can	  be	  found	  from	  Shastry’s	  transfer	  matrix	  (but	  not	  all	  of	  

them	  are	  nontrivial	  for	  finite N) 
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Fig. 3. - Hubbard chain of 12 sites at one-quarter filling, total momentum k = x/6 and total spin S = 0 
with parameters a)  U = 4 and V = 0, an integrable case; and b)  U = 4 and V = 4. 

interested in empirical methods of establishing integrability by looking at level statistics the 
stronger observation is the observed agreement with GOE. If, instead of the infinite number 
of subspaces of the integrable point there were a finite number of new conservation laws at a 
special point (for example at the supersymmetric point in higher dimension) we would find a 
law intermediate between the GOE and Poisson. In practice, however, this would appear 
more Poisson than GOE. In particular, a finite superposition of spectra, each with GOE 
statistics, has a non-zero probability density at zero repulsion P(0) # 0 [4] and rapidly 
approaches Poisson. Had we not known the integrability of the t- J model, we could probably 
have concluded little more than the existence of degenerate multiplets. 

In conclusion, random matrix theory, remarkably enough, works also for the N-body 
problem in quantum statistical mechanics. Even though classically, the symmetries are 
identical in the integrable or non-integrable Hamiltonians, complete integrability in the 
quantum case leads to Poisson statistics whereas the Wigner distribution for level repulsion 
occurs otherwise. While Poisson statistics may not be a characteristic of integrability, a 
Wigner distribution is probably a good test for the absence of integrability. 

* * *  
The computer simulations were done on the CRAY-2 of Centre de Calcul Vectoriel pour la 

Recherche (CCVR), Palaiseau, France. Support from CCVR is greatly appreciated. We 
would like to thank T. Hsu and A. D'AURIAC for sending us an unpublished account of 
calculations in general agreement with the numerical results (but with different boundary 
conditions) presented here. The computer programs for the Heisenberg and Hubbard models 
were adapted from those developed by T. Z. and H. J. SCHULTZ and F. M. and X. ZOTOS, 
respectively, to whom we are most grateful. We should like to thank C. SIRE and M. 
CAFFAREL for useful discussions. 
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ProperLes	  of	  quantum	  integrable	  models:	  Poisson	  staLsLcs	  
	  Example:	  Hubbard	  model	  

Poisson	  P(s)=e-s 

GOE	  

Level	  spacing	  (s)	  distribu!on	  for	  Hubbard	  chain	  with	  12	  
cites	  at	  ¼	  filling,	  total	  momentum	  P=π/6,	  spin	  S=0 

Poilblank et.al. Europhys. Lett. (1993) 



Time-‐dependent	  exactly	  solvable	  problems:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
mulL-‐state	  Landau-‐Zener	  

H(t) = A+Bt, A,B – N ⇥N Hermitian matrices
E

t0	  

1	  

2	  
3	  
4	  

0	  

1	  
2	  

3	  

4	  
p(0 ! k) =?

N=2:	  Landau-‐Zener	  formula	  

t = �1 t = +1

p(0 ⇥ 1) = exp

✓
�2�|A12|2

|b1 � b2|

◆

Exact solution for N>2? 

Only in very special cases 

Other	  nonequilibrium	  properLes	  of	  integrable	  models:	  Mazur	  
inequaliLes,	  no	  thermalizaLon	  aher	  a	  quantum	  quench	  –	  generalized	  
Gibbs	  distribuLon	  

B = b⇡11, A =
X

k

ai⇡kk +
X

i 6=1

vk(⇡k1 + ⇡1k), ⇡ik = |iihk|



NoLon	  of	  Quantum	  Integrability:	  What	  are	  we	  looking	  for?	  

Definition: Quantum Hamiltonian H0 is 
integrable if…  

     Consequences: 
1.   Exact	  SoluLon	  (Yang-‐Baxter	  equaLon)	  
2.   CommuLng	  integrals	  [Hi , H j]=0; i, j=0,1… 
3.   Energy	  level	  crossings	  
4.   Poisson	  level	  staLsLcs	  
5.   Generalized	  Gibbs	  distribuLon	  for	  dynamics	  



Classical integrability   

Definition: A	  classical	  Hamiltonian	  H0(pk , qk ) with n 
degrees	  of	  freedom	  (n coordinates)	  is	  integrable	  if	  it	  has	  the	  
maximum	  possible	  number	  (n)	  of	  independent	  Poisson-‐
commuLng	  integrals	  {Hi , Hj}=0; i,j=0,1…n	  

 Consequences: 
1.   Exact	  soluLon:	  the	  dynamics	  of	  Hi(pk , qk ) is	  exactly	  solvable	  

by	  quadratures	  (Liouville-‐Arnold	  theorem)	  
2.   Poisson	  level	  staLsLcs	  semi-‐classically	  	  [Berry & Tabor (1976)] 
3.   Generalized	  Gibbs	  (dynamics	  uniform	  on	  invariant	  tori)	  	  	  	  [E.Y., 

unpublished] 



Can we develop a similar sound notion of integrability in Quantum 
Mechanics – for N x N Hermitian matrices (Hamiltonians)?  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Difficulties: 
  Integrals	  of	  moLon	  not	  well-‐defined,	  every	  Hamiltonian	  has	  a	  full	  set	  of	  

commuLng	  partners.	  What’s	  an	  independent	  integral?	  

  No	  noLon	  of	  #	  of	  degrees	  of	  freedom	  –	  how	  many	  integrals	  are	  needed?	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  Alternative definitions based on: 
  Poisson	  level	  staLsLcs	  or	  level	  xings	  –	  not	  exclusive	  to	  integrable	  models.	  

Certain	  integrable	  systems	  don’t	  have	  these	  e.g.	  Richardson	  (BCS)	  model	  
  Exact	  soluLon	  –	  but	  every	  matrix	  is	  “exactly	  solvable”	  in	  some	  sense	  

  Plus,	  like	  in	  CM,	  would	  like	  these	  as	  consequences	  rather	  than	  definiLons	  

H0 =
X

En|n⇥�n|, Hk = |k⇥�k|, [Hi, Hj ] = 0

det(H � �I) = 0



Proposed solution: consider parameter-dependent 
Hamiltonians 

H(u) = T + uVHints	  from	  Hubbard	  study,	  u=U/T:	  
Yuzbashyan,	  Altshuler,	  Shastry	  (2002)	  	  

Let	  

u	  –	  real	  parameter,	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
T,V – N x N HermiLan	  matrices	  

Suppose	  we	  search	  for	  a	  commuLng	  partner	  
also	  linear	  in	  u	  

H1(u) = T1 + uV1

[H0(u), H1(u)] = 0

[T, T1] = [V, V1] = 0, [T, V1] = [T1, V ]

Now	  these	  commutaLon	  relaLons	  severely	  constraint	  matrix	  elements	  
of	  T & V.	  For	  a	  generic/typical	  H(u) –	  no	  commuLng	  partners	  except	  
the	  trivial	  one	  	  –	  a	  linear	  combinaLon	  of	  itself	  and	  idenLty	   



 N x N Hamiltonians linear in a parameter separate into 
two distinct classes 

H(u) = T + uV No	  commuLng	  partners	  linear	  in	  u	  other	  than	  
itself	  and	  idenLty	  (typical)	  –	  nonintegrable,	  
N2/2	  real	  parameters	  are	  need	  to	  specify	  H(u) 

Nontrivial	  commuLng	  partners Hk(u)=Tk+uVk exist –	  
integrable,	  turns	  out	  less	  than	  	  4N	  parameters	  are	  needed	  
–	  measure	  zero	  in	  the	  space	  of	  linear	  Hamiltonians	  

ClassificaLon	  	  by	  the	  number	  n	  of	  commuLng	  partners	  

n = N (maximum	  possible)	  –	  type	  1	  integrable	  system	  
n = N-1 –	  type	  2	  
n = N-2 –	  type	  3	  
…	  
n = N-M+1 –	  type	  M	  
…	  	  



Definition: A Hamiltonian operator H ⌘ H0(u) = T0 + uV0

is integrable if it has n � 1 nontrivial linearly independent
commuting partners Hi(u) = Ti + uVi

[Hi(u), Hj(u)] = 0 for all u and i, j = 0, . . . , n� 1

General member of the commuting family: h(u) =
Pn

i=1 diHi(u)

Examples	  of	  integrable	  models	  that	  fall	  under	  this	  definiLon:	  

  1d	  Hubbard	  model:	  u=U/T,	  	  Hamiltonian	  and	  first	  integral	  are	  linear	  in	  u 

  integrable	  XXZ	  spin	  chain:	  u = anisotropy,	  H0(u) and	  H1(u) are	  linear	  in	  u 

  Gaudin	  magnets	  (all	  integrable	  pairing	  models):	  u=B=magneLc	  field,	  

Hamiltonian	  and	  all	  integrals	  are	  linear	  in	  u 

Hi(B) = Bszi +
P

k ⇥=i
si·sk
�i��k

si – quantum spins ✏i – real parameters

[Hi(B), Hj(B)] = 0

Owusu, Wagh, Yuzbashyan (2008) 	  



What can we achieve with this notion of quantum 
integrability? – almost everything we wanted!! 

1.	  Remarkably,	  we	  are	  able	  to	  explicitly	  construct	  integrable	  families	  
with	  any	  given	  number	  n	  of	  integrals,	  i.e.	  resolve	  nonlinear	  
commutaLon	  relaLons:	  	  

[Hi(u), Hj(u)] = 0 () [Ti, Tj ] = [Vi, Vj ] = 0, [Ti, Vj ] = [Tj , Vi]

Example:	  n=N (type	  1	  –	  max	  #	  of	  integrals)	  

⇤ik = |i⇥�k| - projectors, �i, ⇥i - arbitrary real numbers

Type	  1	  maps	  onto	  a	  sector	  of	  Gaudin	  magnets	  with	  raLonal	  spins	  

Owusu, Wagh, Yuzbashyan (2008) 
Owusu, Yuzbashyan (2011) 

u = B, �i = s2i , |i� = s+i |0�

Hi(u) = u⇡ii +
X

k 6=i

�i�k(⇡ik + ⇡ki)� �2
k⇡ii � �2

i ⇡kk

✏i � ✏k



2.   Exact	  soluLon	  through	  a	  single	  algebraic	  equaLon	  for	  all	  types	  (cf.	  Bethe	  Ansatz)	  

(type	  1)	  
X

j

�2
j

�� ✏j
= u, Ek =

�2
k

�� ✏k
, |�i =

X

j

�j |ji
�� ✏j

�j , ✏j - given; solve for � Owusu, Wagh, Yuzbashyan (2008) 	  

3.   Yang-‐Baxter	  formulaLon	  

scaoering	  matrix	   Sij =
(✏j � ✏i)I + 2g⇧ij

(✏j � ✏i) + g (�2
i + �2

j )
SikSjkSij = SijSjkSik

Yuzbashyan, Shastry (2011) 	  

4.   Can	  prove	  the	  existence	  of	  level	  xings	  and	  determine	  their	  number	  as	  a	  funcLon	  
of	  	  the	  #	  (n) of	  commuLng	  partners	  in	  an	  integrable	  family	  

Owusu, Yuzbashyan (2011) 	  
max # of crossings = (N2 � 5N + 2)/2 + n

5.   Poisson	  level	  staLsLcs	  except	  at	  isolated	  points	  of	  measure	  zero	  in	  the	  
parameter	  space	   Hansen, Yuzbashyan, Shastry (in progress) 	  

What can we achieve with this notion of quantum 
integrability? – almost everything we wanted!!  



2

[Hi(u), Hj(u)] = 0 for all u and i, j = 0, . . . , n� 1
General member of the commuting family: h(u) =

Pn
i=1 diHi(u)

Hi(B) = Bszi +
P

k 6=i
si·sk
✏i�✏k

si – quantum spins ✏i – real parameters
[Hi(u), Hj(u)] = 0 () [Ti, Tj ] = [Vi, Vj ] = 0, [Ti, Vj ] = [Tj , Vi]

⇡ik = |iihk| (15)

Hi(u) = u⇡ii +
X

k 6=i

�i�k(⇡ik + ⇡ki)� �2
i ⇡ii � �2

j ⇡kk

✏i � ✏k
(16)

⇡ik = |iihk| - projectors, �i, ✏i - arbitrary real numbers

⇡ik ! a†iak where ai are Fermi/Bose destruction operators
PN

j=1

�2
j

�� ✏j
= u

X

j

�2
j

�� ✏j
= u, Ek =

�2
k

�� ✏k
, |�i =

X

j

�j |ji
�� ✏j

(17)

�j , ✏j - given; solve for �

Sij =
(✏j � ✏i)I + 2g⇧ij

(✏j � ✏i) + g (�2
i + �2

j )
(18)

SikSjkSij = SijSjkSik (19)

Momenta P = ⇡/6, 5⇡/6
Size of the block Its Type

8⇥ 8 Type 3

3⇥ 3 Type 1

16⇥ 16 Type 12

14⇥ 14 Type 3

3⇥ 3 Type 1

Momenta P = ⇡/3, 2⇡/3
Size of the block Its Type

12⇥ 12 Type 7

14⇥ 14 Type 11

4⇥ 4 Type 1

2⇥ 2 —

16⇥ 16 Type 6

Applications: Blocks of 1d Hubbard model (6 sites, 3 up 
and 3 down spins) 

 # of nontrivial integrals = Size – Type – 1  

  Each	  block	  is	  characterized	  by	  a	  complete	  set	  of	  quantum	  #s	  (P, S2, Sz…)	  	  
  We	  determine	  the	  type	  of	  each	  block	  

Results for Hubbard: 
  In most blocks – exact solution in terms of a single equation – vast 

simplification over Bethe Ansatz (9 equations)! 

  New symmetries in 1d Hubbard! # of nontrivial integrals linear in 
u=U/T is 14-3-1=10. Only one such integral was identified before 



Solvable multi-state Landau-Zener problem turns out to be 
a special case of Type1! 

H(t) = A+Bt, A,B – N ⇥N Hermitian matrices
N	  state	  Landau	  -‐Zener	  problem:	   p(0 ! k) =?

Exact	  soluLon	  known	  only	  in	  very	  special	  cases	  

But	  this	  is	  just	  one	  of	  Type	  1	  basic	  operators	  

Hi(u) = u⇡ii +
X

k 6=i

�i�k(⇡ik + ⇡ki)� �2
k⇡ii � �2

i ⇡kk

✏i � ✏k

Set	  

B = b⇡11, A =
X

k

ai⇡kk +
X

i 6=1

vk(⇡k1 + ⇡1k), ⇡ik = |iihk|

Is it possible to solve multi-state Landau-Zener for a much 
larger class of Hamiltonians – general Type 1 and other 
Types??? 

General	  Type	  1:	   h(u) =
P

i diHi(u)

u = bt, i = 1, ✏1 = 0, �1 = 1, ✏k = �1/ak, �k = vk/ak



Summary: 

  Proposed	  a	  simple,	  natural	  noLon	  of	  quantum	  integrability	  based	  

on	  parameter-‐dependence	  

  Derived	  exact	  soluLon,	  existence	  of	  level	  crossings	  (and	  their	  #),	  

Yang-‐Baxter	  formulaLon	  from	  this	  noLon	  

  Exact	  soluLon	  is	  in	  terms	  of	  a	  single	  algebraic	  equaLon	  implying	  

that	  at	  least	  in	  some	  cases	  Bethe’s	  Ansatz	  equaLons	  can	  be	  

dramaLcally	  simplified	  

  New	  linear	  integrals	  in	  the	  1d	  Hubbard	  model	  

  Exact	  soluLon	  of	  the	  mulL-‐state	  Landau-‐Zener	  problem	  for	  a	  new,	  

much	  wider	  class	  of	  Hamiltonians?	  


