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|. Exactly solvable models with anisotropic spin-exchanging interaction
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Exactly solvable cold atomic models
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1. Anisotropic spin-1/2 bose gas

Anisotropic spin-exchanging interaction

1). Spin-% fermions

N 52 N

X __X Y Sy
Z 32 +§(O’ 0 +0;0; +AU o ]6(3«:, Xj)
: J' i J.'

Contact interaction: non-integrable;
Heisenberg & long range interactions, i.e. 1/r & 1/r?: integrable.
Spin-1/2 bosons : non-integrable.

2). Cold atoms : spin-% bosons

N N N
H = - Z +Z(C1P“+czpl Yo(xi—xp)+ Y hé”
j=1 j i#] j=1

N 6 1 N N
=~Lietil (1 + )1+ 070%) + (01— e2) (0 +05) | 6(xi - x)) = ) o
— 6 47 j=1




Exact solutions

. k—ici 411 k=ica 511 00, 51,0
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Densities distribution of quasi-momentum
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Magnetization

0.6

0.5 1

m,=(n;—n»y)l2.

(b)

0.5 1 1.5

h

cp =1, co=05n=1land h=0.

interaction

Spontaneous magnetization when h=0

Phase transition from fully polarized
state to partially polarized state.

Critical points with strong repulsion

hey = 1°n° —81°n° /3¢y,

hee = a°n®—8n°n’/ 3co.

The critical points are different because the couplings c1 and c2 are different.



The pressures & magnetization in the strong coupling limit
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When the external field h is zero, the pressure takes its minimum. With the
increasing h, the pressure increases. At the fully polarized state, the pressure
arrives at its maximum.



The ground state energy density
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At the critical point, the second order
derivative of the ground state energy
density is not continue, thus it is a second
order phase transition.




Entropy at finite temperature

0.1

0.08

0.06

0.04

0.02

ci=1,co=05andn=1



Dressed energy ei(k)=TIn[nM(k)/n: (k)]

Strong repulsion

ei(k) =Kk —p;— ;' T V2 o (ui/ T) + O(c )
Fermi-Dirac function

Fi(x)=T"'(+ D57y /e + Ddy

c1=1
co = 0.
n=1
h=0
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Scaling behavior near the critical point

Grand canonical ensemble

Uer =—h12, po_=nhl2,

Near critical point, density of particle number satisfies scaling law

] ; L= e
n(w h, T) = no (. h, T) = T.smﬂ—m,zg(i k ¢+)

T

dlz+1-1/vz=1/2,1/vz=1,
F(x)=F_12[(u- ,UHNT”UEH”E)

Focus on this model,

dimension d=1,
critical exponent z= 2,
correlation length exponent v=1/2




2. Anisotropic spin-1 Bose gas

Hamiltonian
. N 72
H——Z—+CZ(PUU+P22+P20+P2 T8 (x; - x;
j=1 x; i#]
N 52 N
+CZ[(< +57 812 +3(5785)°
10X ox2 2
j= i#]
—( §)2 = (87 + 578716 (xi = x)).

Scattering matrix

. k—i
Sab{k]=k+l 00 22 20 22)+Plb+P21+Pab

Energy spectrum

m! 12 M? 02
E=Y k7+ 3 k97
j:l j:l

S=M*-2M°,




Bethe ansatz equations
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Solutions of the Bethe sansatz equations with the repulsive interaction

k{l}, k“] eR: k[Z}. k;Z] eRR:

Z Z

2) 1.(2) .
AP = k2 kP e R;

ﬂ,”zj =Apz+(n+1-2j)ic/2, j=1,2,---,n, n=1,2,--




Ground state

h =0, |m| = nl/2.
1.5

(a) half of the atoms occupy the state with s2=0

1 /— and the rest stay on the state with s?=1 (or -1).
0.5 )

fully polarized state

m/n
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h>|h,|, S“=1and m=n.

h<-—lhg, §¢=-land m=—n

|
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partially polarized states

-2 -1 P 1 2 Partially polarized states with s =1 (or -1)
and s2=0.

n=landc=1

In the case of strong repulsive interaction, the critical field hc is

|hel = n*n*[1—16n/3y + O(1/y%)] y=clin>1



The compressibility at the ground state
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Entropy of the model with different temperature and external magnetic field
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Scaling behavior near the critical point

Grand canonical ensemble

te, =0, e, =—1h|,

when u<-|h|, the system is the vacuum state;
when -|h|<u<0and h>0 (h<0), it is the fully upper (lower) polarized state;
when u>0, it is the partially polarized state.

Near critical point, density of particle number satisfies scaling law

e (= L
n(u, b, T) = no(p, h, T) = T4 ”LH‘@[; ]fq)

whered/z+1—-1/vz=1/2,1/vz=1,and ZF (x) =F_ ;2 [(u—
ue)/ T/ (2n'"?), dimension d = 1, critical exponent z = 2 and
correlation length exponent v =1/2.



3. Anisotropic spin-3/2 Fermi gas

Hamiltonian
" N N ] N
H=— Z  ox — +ZngP ;’Eﬁ(x,-—xj)— Z .hafjfZ
j=1 J, iZjIlm j=1
pm :\Im><lm\.
No.|goo0 22 82,-1 82,0 82,1 §22
| ¢ ¢ C c ¢ C su(4)
(ii) | 3¢ ¢ C c ¢ C so(5)
iii)] ¢ -¢ ¢ —-c¢ ¢ -c so(4)
c C -C - € C

so(3)=su(2) ?

Vap = (P2 + P2t + P2l ) e — (P22 + P2 + P20)c




Symmetry
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SU(2) algebra These generators
|1){l}=_|2 2) |0>{l]=|2 0) |_1)fl}=|2 -2) Commute Wlth the
) . ) Hamiltonian.
]l,il T l)(l) — \/§|0)(l)’]l,i‘0>(l) — \/§| + 1)(1],]l.i| + 1)(1} =0.

[Vij, J9=0,d=1,2,a=x,y,z,
SU(2) algebra

1)@ =—12,1),100? =10,0),| - 1)!® =2,-1)
j2,i| T 1){2] — \/§|O>(2]’j"2.i|0)(2] — \/El + 1){2]'j2,i| + 1)(2) —-0.




Conserved quantities

For the su(4) case, However, for the present case,
the number of atoms N $ 2 the difference between

with spin 3/2, number of atoms with spin 3/2
the number of atoms N, T 1) and number of atoms with
with spin 1/2, spin -3/2 is conserved,

the number of atoms ) B and the difference between
with spin -1/2, N-ar2 i =% number of atoms with the spin
and the number of half and that of atoms with
atoms with spin -3/2 N_., ? |- 2) spin minus half is conserved.

are all conserved. ~ < A = ~
_ 11z 27
Jy, =7 +J7 =Ny, =N,

~

N1/2 T N—1/2’

1 1z 32z
Jyp=Jd7" -




Wave function

V=Y Q@A™ MmN (@, gp)e'ti 2
2.9

Scattering matrix

. k—ic, .00 A2-1 a2]

Sap(k) = k+ic[Pab+Pab +P)
N k+ic (pz__2+p2,0+p2,2)+ Z i plm
k—ic ab ab ab ab -

[=1,3m=-1

Yang-Baxter equation

gnb(ﬂ)gac(i + H)Sbc(ﬂ) = Sf}{? (1) Sac (A + ) gabmu)-



Energy and momentum

N N
E=) ki-hM, K=} kj.
j=1 j=1

Bethe ansatz equations

My ki_ﬂj_lu M> ki j+1|C|

eik;LG 2 =1
joi ki = A+l i ke — -l
N Ai—ki—ilg  MiA;—A;—ilcl
H J i |{|: ] l : ,j:l---Ml,
,6:1/1 — k; +1 g¢jﬁj_/1£+1|ff'|
|¢| M ;. .
pj—ki— 2 pj—py—ilel
U ci 7=11 — ] =1---Mp.

1 uj—ki+is ,f;ejﬂj_ﬂf*'”d

Magnetization

) 3N/2—=M;-2M,, whenc>0;
3N/2—-2M;—M,, whenc<0.

N,



Explanations of the rapidities
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|3/2> can not be directly flipped into |-3/2>, because there is no interaction

in these two channels.
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Ground state

Solution of Bethe ansatz equations at T=0

k., =Axic|/2,

1, =u=ilc|/2.

k: 2 string & u: 2 string

|2,2>, 12,-2> &|2,0> form a singlet pair

12,2>12,-2>+2,-2>|2,2>-]2,0>|2,0>/3/2

Not the four particle spin-singlet state!

WY =—12,2), 100V = 12,0y, | - YV = 12,-2)

|1,-1>+ |-1,1> - |0,0>/3%/2 > Spin-1 singlet




Finite temperature

String hypothesis

ki-eRz=1,2,---,Ny,;
ky -y =hpoxic/2, A% =k, .,

ko -eR,z=1,2,--+,No;
Anzj=Anz+(n+1-2j)ic/2,

Apze€R j=1,2,---n,z=1,2,--- , My p;
Knzj=Mnz+(n+1-2j)ic/2,

Unz€R, j=1,2,---n,z=1,2,---,M> .

Imaf °r .
H'—C IA
I‘ +v .
| ¢ Real
T !
o |
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Substituting the above string hypothesis into Bethe ansatz equations and taking
the thermodynamic limit, we obtain following equations for the densities

1
PL(K) = —— = p1(k) = ay xp2 =) an * [p1m (k) = p2m(K)],

m

1 .
b (k) = ; = p2(k) = ay xp1 (k) = a1+ p2 (k) +3_ Ay, % 02m (K),

m

1(k) - Z Anm *PO01lm (k), (60)

1

p1(k) + Aln * P2 (k Z Amn * P2m (k).

m

P, (k) =

wl::

ph, (k)= a

wl::

where * is a convolution operator defined by [ * g(k) =
[df(k- k") g(k) and convolution kernels are

1 nc

_— 61
T k242 (61)

an(k) =

Anm(k) =dn-m +2ain-m+2 +---+2dn+m-2 + Q% ,
2 2 2

A’;:.m(k] =Apm(k)—=06,mo(k).



Consider the grand canonical ensemble, the Gibbs free energy is
g=e—Ts—pun
= [dkk2p1 (k) + [ dk(2k2 — S)pa (k)
— [ dkpi(k)—2u [ dkpa(k)
—sh[dkpi(k)=2h [dkpa(k)+ h X7 ¥, n [ dkpi,(k)
— T [dki{pi (k) In[1 +n; (k)] + p2 (k) In[1+n, (k)1
— T [dk{p2(k)In[1 +n2(k)] + ph (k) In[1 +n2 (k)11
— T X, [ dkipr, (k) In[1+n7, ()] + ot (k) In[1+7;,(k) ']}

Minimize the Gibbs free energy, we obtain the TBA

T'lnn (k)= k2 — %h—,u+ c‘i% x T'In[1 +n2(k)_1]
~Ypan+{TIn[1 +110 (k)7 + TIn[1 412, (k) 71}

T'lnnz(k) = 2k? — %2 —2u—2h+ éz% * T'In[1 +m[lc]_l]
+ar* TIn[1+n20k) =X, A" TIn[14n2,(k)~1]

1n
TIn[1+1m1,(k)] = nh+an + Tln[1 +11(k)™ 1
+Xm Amn * T'In[1 +nlm(k)_l]
TIn[1+n2,(k)]=nh- d% * Tln[1 +'I71(k)_1]

— A« TIn[14+020) "1+ X, Amn * TIN[1 + 12 (k)1

In



Define the dressed energy as

e(k)= TIn[p"(k)/p(k)],

Thermodynamic Bethe ansatz equations

e1(k)=k*—p—Grey (k) +Gxep (k) +Gxey,(k),
(k) =2k*=2(c?* 14+ p) —e21 (k),

eq (k)= Grely, (k) +(=1)"Gxeq (k), (16)
eank)=Gx[el (k) +e), | (K)+6426,265 ()], n>1,

lim 1 ,(k)/n=h{, lim & ,(k)/n="h,,
A— 00 H— O

where €1(k), e2(k), €1 ,(k) and €2 ,(k) are the dressed en-
ergies for 1-strings of k, 2-strings of k, n-strings of A and
n-strings of u respectively. e (k) = Tln[1 + p"(k)/p(k)] and
e~ (k) = =TIn[1+ p(k)/p"(k)]. * is a convolution operator
defined by G * f(k) = [G(k - k') f(k")dk" and convolution
kernel G(k) = sech(mk/c)/2c. The renormalized magnetic
field k| = h, hl, = 2h, when ¢ > 0, and h}| = 2h, h}, = h, when
c<O0.



Ground state

h=0 k: 2 string & u: 2 string
h is not zero

c>0. c<0.

C ‘0 0> C ‘0, 0>
kl o —c ‘2, 2> —C ‘2, 2>
K, oo ¢ |2, 1) c |29

-c |2, 0) -c |2, 0)
L o

c |2-1) c [2-1)
,Uz oo —C 2,—2> —C 2,—2>




Phase diagram: ¢>0

|12,2>

Magnetic pair

0

Vacuum

S

0.5

k: 2-string,
|2,2>, 12,-2> &|2,0> : singlet pair

(B) (C) (D)

k: real & 2-string,
12,2>,
12,-2>,
|12,0>,
|3/2>.

1.3
-2

Fully polarized state
|3/2>

Partially polarized state
|3/2> & |2,2>




Phase diagram: ¢<0

Magnetic pair k: 2-string, _ _
12,1> |2,1>, |2,-1> &|0,0> : singlet pair
0 1.5
(k)
vacuum o @ (B) (C) (D)
02 GH}I _ k: real & 2-string,
- | 2,15,
| |21_1>1
: i 10,0>,
: 13/2>.
|
I
|
1.5
2 0
F.
Fully polarized state Partially polarized state
|3/2> |3/2> & |2,1>




Elementary excitation (h=0)

1
(a)

0.5F
—
=0 —m—
L

hﬁh__-af

-0.5¢

“1F
-1.5 . 0

-1.5 -1 -(.5 0 0.5 1 1.5 -03

0.5



Conclusion of part |

v’ By tuning the scattering strength in different channels, we can obtain the

cold atoms with anisotropic spin-exchanging interaction.

v’ The anisotropic cold atom systems, especially for the large spin or multi-
component ones, may have some interesting physics such as hidden

symmetry, pairing mechanism and new quantum states.



Il. Exactly solvable models with spin-orbital coupling

v" This is a on-going project. In fact, it is only at the

starting stage.

v" We only construct the integrable model via
mathematical analysis. The corresponding physical

properties of the system is not studied.




Gauge field and spin-orbital coupling

Prospect from gauge field and SOC
1. Integer quantum Hall effect & Spin Hall effect
2. Topological phase transitions
3. Topological insulator & topological superfluid

4. Majorana Fermions

Experimental progress
1. Spielman (NIST)
Synthetic gauge field (2009,2011)
Spin-orbit coupled BEC (2011)
2. Chen (UTSC) : Spin-orbit coupling Bose gases (2012)
3. Zhang (Shanxi U) : Spin-orbit coupled Fermi gases (2012)
4. Zwierlein (MIT) : Spin-orbit coupled Fermi gases (2012)



Spin-orbit coupled Fermi gases
1. Tc enhancement [Yu and Zhai, PRL107, 195305 (2011)]
2. Imbalanced system [Iskin , PRL107, 050402 (2011)]
3. Mixed singlet-triplet superfluid [Hu et al., PRL107, 195304 (2011)]
4. Topological phase transition [Zhang et al., PRL107, 195304 (2011)]
5. Topology of tri-critical point [Liao et al., PRL108, 080406 (2012)]

Spin-orbit coupled Bose gases

1. Mean-field ground state: (Striped phase) [Ho and Zhang, PRL 107,150403
(2011); Li, Pitaevskii and Stringary, PRL 108, 225301 (2012)]

2. Collective excitation: [Zheng and Li, PRA 053607 (2012)]

3. Homogeneous system : (striped phase and plane wave phase )
[Zhai, PRL 105, 160403 (2010)]

4. Trapped system: half-vortex [Stanescu, PRA2011, Santos, PRL2011,
HuPRL2012...]

Beyond mean-field theory:

(a) Effective field theory: BKT transition, Zhai, PRB2011
(b) RG and T-matrix: Goldbart, PRA2012, Ozawa, PRA2012
(c) Bogoliubov: Barnett, PRA2012, Ozawa, PRL2012, Cui, 2012...
(d) Hydrodynamic approach: Xu, PRL 2011, Xu, PRL2012



Hamiltonian

ﬁl . 1 . ’FJ -]- . t:a ) o+ _].
I )'thr + S’fd.l(tff»r(—!a)% + dfl(fa)ﬁlfl) + h fd.\(w,rwl + lﬁfi(ij)

H= ) f dxyrf (-

+ U f doxr|, (OO0 (x)

1. Two-component bosons with pseudo-spin up and down.
All the interactions (same and different components) are equal.

2. The particle numbers of pseudo-spin-up and down are not conserved.
The total number of particle is conserved.

3. If the transverse field is zero, the system can be solved exactly. The spin-orbital
coupling can be gotten rid of by taking the gauge transformation. The system is
equivalent to the interacting bosons with the twist boundary condition but
without the spin-orbital coupling.



Step 1: consider the system without interaction

Take the Fourier transformation
_ (11 ikx .
Yo = (E)‘ 2k € Cra
In the momentum space, we have

hk gk i ﬁ?k" gk

Bogoliubov transformation

COS Byt + sin ey

akT

ag, = —sinfcgy + cos Ocg)
Ck1 = C€OS Bag, — sin fay,

Ckl = sinfay, + cos fay,




Hy = Zk((ﬁf + gk cos 26 + h sin ’?H)amam + (ﬁ — gk cos 260 — hsin ’?Hmkiakl

+ 3 ((—gk sin 26 + h cos 26) (”maki + ﬂkiﬂm))

To eliminate the nondiagonal terms, we require

Depend on: The model parameters
tan 26 = ;{ —) | Transverse field —) | arefree, |

Spin-orbital coupling but the angle theta is

Quasi-moment constrained.

Rk R2k?
Hy = Z(W + gk cos 260 + h sin ,_H)amam + Zk: ;—” — gk cos 20 — hsin 29)(1“0“

h > k*
= 2”? \/h- (gk)? )amakT + Z( > \Xfi‘“ (gk)? )leﬂu



The conditions of integrability

1. We focus on the lower band.

2. For different values of h and g, the
dispersion relations of the lower band
are different.

3. When the lower band is quadratic,
that is to say, if there does not exist
the case that four quasi-momentum
are equal, the model can be solved
exactly. This means that the
transverse field in the system should
be large enough compare to the spin-
orbital coupling.

large h & small g : h > g2/2
1 critical value : h = g2/2




Step 2: consider the two-body scattering with interaction

Assume the two-body wave-function takes the form of :
phase shift

(X, ki) = — s B (x;) + cos O (x;)

From
e(x;—x2) = 0(x;—x2)—60(x2—x1)

We have

) ) ) . ) ) 9 ) ’ | , ’
‘{TIE(M —X2) = 20(x1 — x2), .F}!:TQE("” —x7) = —=20(x> —x1)




The Hamiltonian without interaction acting on the assumed state

gives two kinds of terms.
2 unwanted term
Ho‘kl,k2> = E(kl,kz)‘kl,k2>+‘ R>

I
@ eigenvalues

dxydxo{[=((k7 + gky)yy sin 6y — hyy cos 6] (x))

+ ((k{ = gky)x1 cos 6 — hy sin 6, )t.f'fj(f‘f1)]£z’/.}'(ﬁfzak2) + (x1,k; &= x2, k) + (k1 & k2)}|0)
= (Ex, + Ei)lk1. ko)

1. This term does not contain (X, —X,) . Thatisthe two
particle have the different positions.

This term gives the eigenvalues.

2. Using tan 26 = ;—i , it is easy to show that

(k* — gk)cos# — hsin# = Ejcos 6
(k* + gk)sin@ — hcos @ = Ej sin6




The unwanted term is

IR) = fd.rl{,y(-r, x)(ky - kg)[(tﬂ(-r)gﬂ(-r) sin#; sinéh + Jfl(-‘:}gﬁj(-&:) cos ) costh) — ﬂ(-‘:)gbi(-&:} sin(@; + 6>)]10)

This term contain the delta-function o0(X,—X,) . That is to say, if the two

particle are in the same position, this term has the contribution.

The contribution of this term is giving the possible values of the quasi-

momentum.



Then we consider the interaction. The interaction acting on the wave-function gives
Uk, k,)=|R’)

IR") = fd-rZU,y(,r,-r)[(ﬂ(-ﬁc)qbi(-ﬁc) sin @ sin 6> + L,!fI(-r)gbI(,r) cos 6y cosb) — gﬂ(-\:)dfi(,ﬁc) sin(f; + 6,)]|0)

If the assumed wave-function is the eigenstate of the system, that is if the following
Schrodinger eigen-equation is satisfied,

Hlki, ko) = (Ex, + Ex,)lk1,k2)
we must require the unwanted terms are cancelled with each other.

IR) +|R") = 0

This condition gives the possible values of undetermined parameter lambda

U
ki — ko

/E:

Then the two-body scattering phase shift is

1 +id

= explig(ky, k2))

1 —iA




Then we obtain the two-body scattering matrix as

_ k] —kQ—I'U
k= ky + iU

S

We see that the two-body scattering matrix is a number instead of a matrix.

It satisfies the Yang-Baxter equation. Thus the system is integrable.

Sc?b(/l) Sﬂr:*(/1 + H)Sbﬁ(ﬂ) = SE‘J{? (”)Sﬂf(ﬂ’ + P")Sﬂb(ﬂ’]'

Ib! .

{2,5,€) Completely integrable:
{H’Tb) (b,a,c) degrees of freedom = conversed quantities
(¢,a,b) (b,c,a) Transfer matrix: constructed from the two-

body scattering matrices.

(c,b,a)
S-:‘:b {‘E‘Fb _ JE‘Fn )Sm' {ﬁ__{ _’I"r.- )Sbr("{'r _ ‘E‘F&)
= ‘S'b{_(k{ - A'b).gﬂ{(k{ - A'ﬂ }S.:Tb(kb _I{rﬂ) [r(ul)1 I(Hl)] — 0.




Step 3: consider the many-body problem

According to the coordinate Bethe ansatz method, we assume the many-

body eigen-state as

M N
|k11“'1kﬂ.f} :Z Z 1.-'-":‘](3']_-."“11"}1.:{) T_l ,‘[I':L’_”|U}

Wave function

. M
(g, xm) =) APEIZjZIijIng(“TQl << agy)
P.Q




The many-particle scattering process can be divided into the production

of two-particle scattering.

S12..N = SINSIN-1 512
Periodic boundary condition

Sj;\rSj;\r_l IR Sjj—i—lsjj—l . j.ll‘? {{} — {0

Bethe ansatz equations

M
=[5 i=1---.M

I#]



Conclusion

Zfdub (—— wﬂ+gfa’x(u’f( r—)w +¢’i(‘_)¢‘l)”’fd’f(%”MLJfﬂu’/T)
* dew”(x)w( (XY a(x)

The energy spectrum of the system is

)

E= Z( NS

where the quasi-momentum should satisfy the following Bethe ansatz equations.

N i’Cj—k'1+I:U
o1 kji—ki—iU

ikjL _

e

The studies of the physics of the model are proceeding!




Thank you for your attention!
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