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From anyons to edge excitations
Composite Fermion Arovas, Schrierffer,

Wilczek PRL 84 anyon
In 2D of FQHL

with v=1/(2m, +1
( )@+ 2m, ﬂ®1/(2m° ) > @QO of e*=ve

On the edge v
\|!(X f)\|1 (0,0) >¢ (x— v ~(2my *1)

W expli—=0}, [W(X),pUN]=8(X~ 1), p(N)= -2 L0
\/; 2n
No quantization of charge propagating along the edge:
1
Leniral . Jax 7 0UEN@ =0 ol X) ~  Two-terminal
conductance,

Quantization through injection in the contacts —) <

“contact’ fractional
= charge




Single-point contact

E = 1B
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Physical motivation

1. Interference and quantum transport through interfaces

between different FQHLSs or IQH Fermi liquid and FQHL.:

reaching equilibrium conductance;
and stability of “contact” quasiparticles.

2. Realization of qubits in Topological Quantum Computation

/(gdegeneracy of ground state of v =1/k Laughlin FQHL on genus g
surface

H2r/k
For each couple of Wilson
loop exponentials Wﬂ , = g'Pab

E. Witten, Commun. Math. Phys. 117 (1988), 353.
A. P. Polychronakos, Ann. Phys. 203 (1990), 231.

FiG. 1. A genus two surface is depicted with the standard basis of nontrivial loops
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Mach Zehnder Interferometer
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Practical realization in the integer
Quantum Hall regime:

Y. Ji et al., Nature (London) 422, 415 (03);
|. Neder et al., PRL 96, 16804 (06);
L.V. Litvin et al., PRB 75, 033315 (07).
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Electron tunneling model 1.

| Ve o QH liquids of Langhlin series vp = 1/(2m; + 1),
! - B R N -

'. N ,'I [ = 0,1 with integers mg = mq > 0

'-.. U !_f"f \ U .-"I - _ _ 1 ¢l aracte . arameter

Ny L” “*x__?f” m = mg + my + 1 characteristic paramete:
o * S

4 }'I:'l \"'\\ eX’J KEH\\"-.

f " Tunneling electrons:
| o ) - > [VoorUse™ it (o5, 4 (5, ) + h.c.]

0 =4,

propagate along the edges of the liquids with velocities vy as chiral low energy
density excitations below some common energy cut-oft D,

The propagation times between the contacts tg1 = xg1/v91 = t £ At

The phases r; are defined as

ko — k1 = 27[(Dey /Po) + (No/1o) — (N1 /11)] + const = w(V)

by the external magnetic flux @, through the interferometer and average electron

numbers Ny 1 on both edges, which depend on voltage V.
[ts chiral form wy = w(V) — VL



Electron tunneling model 2.

The operator vy of electron propagating along the [ edge 1s

D/zfl_?_f lfggf ((Jg(.’l‘ fj Ifg—l—kpg;’ﬂ)?

Bosonic form of the tunneling Lagrangian:

DU, ﬁ
Li = Z1:2[ ‘?ljf‘lh Mﬂ_ﬂ“rh(]
J=1, /
APiLT) = “

A

¢ a free chiral bosonic field at temperature 1

Az

Oi(), Op(0)] = tmsen(x) Oy

Z ZT:E :Fﬂ.t

j=12 £

|

vy + 11

ot/

(B

)Y,

< T 0101 >= g(—.,7) = —In{dsgnt 511111(??T(-i’r+'
Ul '

] 1f2

2m



Perturbative electron current
I = il depola) H] = L, =i & S

0 Oy =12 T

[n the second order 17 = 4 f_Dx_ dt < [I°00). Li(t)] >= 1+ AI(r)

ALY = [T dte™ ([T (1), TH0)]) + h. o =

U1\Uy D Ty 0 sV
= ( 1_?1_22 )5 i [ dssin(re(V) = VE— -:-T)

I [isinh(s — (—1)!AtxT — i0)] "7}
1=0.1

In general, by residues for integer 1/14

AT = 201U D sin(VAE) cos(ry) (V/ D)/\Q_l
. ~ ';L—-;aflrf';r.f1+1(1/y0 _ l) 1(21;31%)15“1

for g = 17
0 1

suppressed as a power of VA# = 1 or an exponent of T'At > 1
in comparison with A7 for 7.V < At !

- - ) g o Iy i ¢ 2_ — F .
I =~ (U, + Usye™V \QD; ‘_??T)(Z’.ﬁTjD))‘ 1(.3‘)\2{1‘ /27
(3] g/2—1

Fg) AL 7 TV

behaves as a single point-contact in the lowest order.

x VVZ 4 2r D270 Cyle) =



Electron interference and effective flux @©

[T = T2 AT follows from (s, 1] = i

T Then {Ty 115, = &I {1 T

@
Kz—K1=27r(D— O > D+ md

0

0

Interferometer in m quantum states :

specified by values of flux

CD | n=>=|n~> (CD + nCDO + integer X m(DO)
[he states are not mixed, if only e-tunneling occurs.

In the strong coupling limit the states are mixed: ® — ®+?,
[he tunneling charge e — e/m



Dual model of tunneling quasiparticle

Calculation of the partition function Z in the linit Uy 5 — oc.

1) Search for the strong coupling ground states:
N Y PRV _ R
17 — T expiEi2yn; b, < Tongi(m)n;(0) >=wO((7 — )7 )(1 — ;)

For any mteger ~. these Klem factors do not change the perturbation expansion of

Z 1n L; i any order. From minimization of the energy under conditions
VP and D. Averin, Phys. Rev. B 67,

we tind v = m and the infinite set of the ground states labeled with integers ny 5.

2) The instanton expansion ¢,(7) = by, 4 oy 2me 0T — T1;). ¢1; = £ can be
summmed up with the dual tunneling Lagrangian:
_ W.,D _ e o
L= > | ,) F ¢! tHf”) + h.c.] after e;; — ij‘je-“'ﬁjxl}j(“LjJ,
j=12 2T -

P - . . — Vo= — 27 S — !/ -
I'he Klein factors: FQHJFI — o F1F2 < Ilj=12 FjJ(FjﬁLjfj == I, Ogj?e'r_}(\lll()(l m)

T 1qqe Sl e it e - 202 _ o __ gltp.w) gl(t1.w)
I'he dual fields kinetics < 07 >= g(0.w). < vty >= vl vl

Each instanton tunneling of the amplitudes W17 5 changes the effective lux by £+=dy.



Dynamics of the dual boson fields 1

AL — A . T N T1I00— 1091 L Y00+

"Unfolded” Dirichlet boundary condition:

for a single £;; = DU;cos(Ao_(x;) + ;) /7, U; — oo, free chiral propagation

of 6, _(r) = sen(x — x;)(o_(x) + r;/A) perturbed by the dual tunnelings £; ; =
Vool 2 ) /o

DII j (‘()h(xg_d(ttj))f .

Successive application of two Dirichlet boundary conditions:

free propagation of the dual chiral field

U_(v)=o_(x)f(xy—x)+(o_(x) —2%)9(47—472) —(o_(x) —I—Z’.'L; V0 (0 — )6 (o —x)

with dual tunnelings £;; = DWj cos(3(0_(x;) + 1/ N)) /7.

From comparison with £, — ; =0 (@) and L, =~ 5; L, < F}

A])liﬂic ation of voltage f;i‘En' - f;%n — J1oV't leads to . — Ftr’;)\'



Dynamics of the dual boson fields 2

For At = 0 the fields ¢4 5 propagation is determined from recombination of ¢.

tl)in T T - T - [ljﬂm vy —]
0 7 AN AN 0 Too=—Pu=750
P P 2/ TOVL
. \ / . o o ‘O
I N L
- e '

for 19 = 111 nterchange of the edge modes in both contacts.
The S-matrix is always diagonal @™ = S¢™, S = P? =1

1 . . I a VS . . N .
['he tunneling current 79 = (2/m) S .1 o 5o £ TFeTVHm g carried by quasiparti-
= '\ .lll A j ].1._| :l: j .

cles of fractional charge ¢ = = = ex in accordance with £m®y — £P¢ reduction



Physical picture of quasiparticle tunnellng |n the MZI

Sl D1

-~
-~ -
Ly A7
- -
‘‘‘‘‘‘
--------

The Klein factors: Fz YVE = et_ﬁrftEFQM , < Ilj=12 FP(F;)I;’ >=1I; 6513.}1}(1110(1 m)

A — iy B J_.%r T - any quasiparticle tunneling from the internal
Ly 1 b = 2{T '} edge decreases ®—*d-h/e=0-D;

- gp-interference distinguishes ® modulo ®ov.

m-dimensional matrix irreducible representation:
- ~ _ gl . .
X1 = 041 (mod m), Y, = & e “m! Influx-diagonal basis:

Fl = X} FQ = _E:I:i?r/-m-XY

form=2: 12 = oxy - Pauli matrices



1. Exact solution for V, T<<1/At

Form =2 (vy = 1/3 and 1y = 1) through fermionization.

The Klein factors are two Pauli matrices F; = 2&;& in terms of three Majorana
fermions {&,. &0ty = 20, 0. With chiral fermion field ¢ = ngr’( 2o ) explif_)

the Hamiltonian 1'('%1-:‘15
v . Do o i
H = {_fdi ?7-"'-’+d:r?§-’} - )—[Z ”jffjt(i;jtzul + h.-.-:'.‘.}
1 ) LT ‘

Free chiral propagation (. t) = Jdkiy exp{ik(c — ot)}/(27) and scattering at

the two points described Wlth

0 o | .
i ()] 0= W& . O (E) =2iv wi T (. t) —wi (e )],

A . o~ 2 K I._L',
 ITje v,

where wy = 7.

Each of these disentangled matching conditions defines a (2 x 2) scattering matrix

S, 1. of particle and hole (¢, vF,).



2 Exact solution for V, T<<1/At

In general. for \* = 2m with the thermodynamic Bethe ansatz solution (P. Fend-
ley et al. Phys. Rev. B 52, 8934 (1995))
o vdhk oL
T=[""1S8)nlf. — 1.

0 9D

T'wo nnpurity scattering matrices

qj::I: (\A;;ﬁj}B)T”_lgi“k
[ IR : -
PR i (k) Tp)m

Jilop—k 1)
& J
S+

1Sk T l_l__i(}[l:;f-TjB)m—l

do not change the density of states n(k. V') and the distribution functions fi for
kinks and antikinks defined by the "bulk™.
i ‘Tm 1 LUK, Tm 12 1' T 1 T

- G . G /m s
v Tg(m 1) T;, m—1) ( l,fm( _Tsz 1 (_TIB ﬂ

. . . . . 4
(1, 1s conductance of a single point contact between two v = 1/m edges.
1/m = / =

The interference is not suppressed by temperature or voltage.

The interference pattern is the same for electrons and quasiparticles.
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Conclusion about Mach-Zehnder interferometer

* [n general, the tunneling conductance GG vamshes m both mits of high and low
| ) N a2
enerey (temperature 1" or voltage V) as Gy o TYN 2 and Gp o« TV 2, N2 =
om=L4+1
g 1
he

a periodical function of the external flux ., with its regular period ¢y = o

* Fractional edge-state MZI has m-state quantum dynamics with:

- reduction of effective flux variation ma» to @ restore @
periodicity and defines fractional charge e/m of quasiparticles at high
energy.

 For AtV, AtT=0, the MZI model allows an exact solution, which
describes crossover from electron to quasiparticle tunneling



Antidot tunneling model

Electrons propagate in opposite directions along the [ = 0,1 edges

j ‘ \1/2¢ tl—)(aolxd)/ /1 1)
= (D )ﬁt‘gjl’ a'fgtz'” J(Qnlat) [ PithET)

< Tropo >= g((—)'.7)
~ —In{segnt(TFit))}
[O1(x), 0p(0)] = imsen(x) 5@(_);

X
DU, .
ﬁt = ¥ [ J ok EM@_;—%Vt + h{‘} — T Y;FEE:FEVt :
j=12 2T =12+
nglte, 7) + rogl—t1, T
< P21 o= (o, 7) ( )

b’o—f—b’l



Electron interference and effective flux ®©

| i @
T.)“—LT* — f-"?"'””ﬂT:FTE.i — O > O+ m, CD for x —x = 27;(1)_
o+ om % ﬂ antidot in m quantum slales N>, n=0,...,mg-1

specified by values of flux
' (D|/7> © + p@  +integer Xm0

[he states are not m/xea’ 1f only e- z‘unne//ng
oceurs .

— 2 _ VvtV
(tHn)'=A T<T,: DU, 0= o
e+ 2/77 X ) ’ 5 -2 vy
Linear bias cona’ucz‘ance G increases with temperature T as:
A G/GO ) .
) 2 [ 12\ 2 O =g /h=1/(27)
G~ {Z fﬁ'w } () for 7" < A - interference
}:1_)11 D
: i 1/m g y
L2 U T\ a7 |
M= L_J (5) st Zi-—" |
- l | >
<A <T, T




Dual model of tunneling quasiparticle

1) In the limit U} 5 — oo, the strong coupling ground states from
Tji - leL exp{=Eiv2mpn;}., where < T (7)2(0)} >=im0(7)
are defined by two conditions :
Apj +V2mpn; + K = 270,
labeled with integers nq .

2) The mstanton expansion can be summed up with dual tunneling Lagrangian:

. W.D K 29- Vit ~ e
L= Y | F; exp {if " ! P+ hel= X Z'T;—Le?ﬂ' Yo
j=1.2 _7’7 mD A mp =12

where 17 5 are some amplitude of the instanton tunneling,.
The new Klein tactors £ satisty:

_ 2w _ _ r—7. = ' ~
F\F, = ¢"D L) . F (FfL)ElFéB(F;ji? e Hofjjj(mod mp) ,

J

where the delta function i1s defined modulo mp.



Dvnamics of the dual charae fields

[n the strong coupling limit U} 5 — oo

dynamics of the charge densities p; = /7;0,0;/(27). 7 = 1.2 from application of
two Dirithlet boundary conditions successi Uely

A A . Yy — 11
PU,U — —Pl,l — —‘i'UH('—)’T) -
' g + 111
X . 2./ 101
. < 01
P[}‘l — Pl‘g — Hlll(?-’}-’) = -
Vo + 11

. T = ~y
The complete S-matrix remains diagonal [p?" = S, S = 1
the tunneling current in due to quasiparticle tunneling only.

The bosonic field correlators follow from the propagation diagram as:

1 =<
< 0,0, >=  g(0.w)+ = Z sin?(2v)[g(nts. w) + g(—nts, w)]

n=

[cos®(v)g(to + nts, w) + sin®(7)g(—ty — ntg,w)] .



2. Dynamics of the dual charge fields

drgin < 9

short-time exponent of qp cling for ¢ < tgq: 5 =
short-time exponent of qp tunneling for ¢ < 4, X vt =

#

long-time exponent of qp tunneling for ¢t > tx:

4 (vy+ 11\? ANV T2m, =1

A2 \vg — g mp <2,m,

Quasiparticle tunneling current.

W.D _ /2 Vit o\
1= © [EFewli (30,00 — —— + L)} — he)

mp j=1.2 27 12295, mMp

The gp-model 15 convergent m the high energy lumnit:

e v E [

4/2%2 -2
) for AT < |V

j=1 27 D
| | e )
< {I" I}, > |o0=2 < I > and 1" < |V .
' mp
The gp-tunneling current is quantized in the fractions of charge ¢ = —— # ex .

mp
I'he gquasiparticle tunneling corresponds to & 4+ & variation of the etfective Hux.



Anti-dot tunneling for mp =1 .

The Klein factors commute and drop out.

In the strong interference regime:
Ip < A and Wy 5 are small, the qp-model converges at any energy.

1 12y A2-2 ARFO
W _.”"',r'] (E) for 7" << A 6/ ’

D
!

T e
|

=1 27 D ”m
1 J o A A\ <
(_T ~Z El [ 2}11-— ] (D) h_]‘l A - T

and reaches its maximum ' < % at 1T~ A.

In the weak interference regime, T: A T; T
when A < T and Uj 5 are small,

the perturbative qp-solution is physical only if V' or 1" 1s larger than 7. It matches
at 1p with the perturbative solution of the electron tunneling model, which is
relevant below 7’5 and non-perturbative in Wy 5. G(1') has maxima at 1"~ TTp.



Two-state antidot Q-bit
mo =2 if tunneling between v,=1/5 FQHL and =1 IQHL
Flux through the antidot takes two values @| I>=0ro, and D| ] >=0
The operators of gp-tunneling flip the flux as two Pauli matrices Fi1,2 =Gx,y

In the strong interference regime. T < A
at low energy (1. V < A) the two gp-tunneling (,‘l]ﬁ)("l'elfol'ﬁ arc combined into the

Lagrangian:
A U = explioy —17

_ / . . 3.
Liwnn =13 —X .0 7-?'\/?1}“) H.c.
o =E 0B L Sxex

Xy=¢ (ap) ’\d_lvﬁl-{-"lg + W3 F 207, sin(rk/2)

. Wi F 005 oI /2 (i
6.12»& _ : + - — k= py— between two g = 1/3 TLL
Wy L iWahetr/2 iin

where o4 are rising and lowering flux. respectively, and
bosonic field ¢/ is defined by < J(t)0(0) >~ — In(t).

Model of a resonant level

A EJFUO

1/3
Linear bias tunneling conductance on temperature:
The conductance reaches its maximum %‘1 at

low 1" in exact resonances at &, = integer x &y,

ooes to zero at zero 1" evervwhere ('="><:(-('=1'>t for

|
1
|
|
|
|
|
|

2/3. '

exact resonances as a function of sin” ( 2)/T T, & 7T



Conclusion about antidot interferometer

L. For vy =1/2mo+1) # vy = 1/(2my + 1) the antidot tunneling conductance
vanishes in the both limits of high and low energy (temperature 1" or voltage V')

o

. i/ 2_-;. \ . 2_ ; .
as G o 1YY 2 and Gp x TV 72, N\ = % + % = 2m (except for resonances:

15 a pertodical function of the flux & with its period equal to ¢y = %‘

2. The antidot interferometer possesses mp-state quantum dynamics:

reduction of the effective fluxes ¢ variations mpdy — ¢y mtroduces fractional
o B f . ) ) ) s . . .

charge e/mp # ex = e/m observable in the high energy shot-noise.

3. In the strong mterference regime. Ig < A, G 1s non-perturbative m electron

tunnelings:
for ﬁr < 1 (the antidot tunneling between vy = 1/5 and 1y = 1) features zero-
z \ |

energy resonances G= °U where backscattering is quantized in the fractional

charge ey of point-contact quasiparticles.



