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• Z=1 Emergent Lorentz Symmetry 
• 2+1D  O(2) Universality quantum Rotors
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�Q = (e⇤)2/h,

T (d�2)/z�(!, T )Conductivity:

Scaling:



Villain Model

Bose-Hubbard 
 Model

J. Smakov, ESS PRL 2005



0 0.5 1 1.5
ω/ωc

0

0.2

0.4

0.6

0.8
σ’

(ω
)

Lτ 32
Lτ 40
Lτ 48
Lτ 64
SSE

0 25 50 75
ω/T

0

0.2

0.4

0.6

0.8

σ’
(ω

/T
)

Lτ 32
Lτ 40
Lτ 48
Lτ 64
SSE

(a) (b)

Analytical Continuation

Max Ent

J. Smakov, ESS PRL 2005



Hqr =
U

2

X

r

1

2

✓
1

i

@

@✓r

◆2

� µ
X

r

1

i

@

@✓r
�

X

hr,r0i

t cos(✓r � ✓r0) .

ZQR ⇡
X

{J}

0
exp

8
<

:�
X

(r,⌧)

✓
�⌧U

✓
1

2

h
J⌧
(r,⌧)

i2
� µ

U
J⌧
(r,⌧)

◆
� ln

⇣
IJx

(r,⌧)
(t�⌧)

⌘
� ln

⇣
IJy

(r,⌧)
(t�⌧)

⌘◆
9
=

; .

Z
V

⇡
X

{J}

0
exp

8
<

:� 1

K

X

(r,⌧)

✓
1

2

✓h
Jx

(r,⌧)

i2
+

h
Jy

(r,⌧)

i2
+

h
J⌧

(r,⌧)

i2◆
� µ

U
J⌧

(r,⌧)

◆9=

; .

Quantum Rotors

Villain Model

HV =
U

2

X

r

1

2

✓
1

i

@

@✓r

◆2

� µ
X

r

1

i

@

@✓r
�

X

hr,r0i

t
X

m

(✓r � ✓r0 � 2⇡m)2 .

�⌧ ! 0

�⌧ =
1p
Ut

Fixed



0 2 4 6 8 10 12 14 16 18 20
ωn/(2πT)

0

0.1

0.2

0.3

0.4
σ
(iω

n)
/σ
Q

T->0
L
τ
=160

Lτ=128
L
τ
=96

L
τ
=80

Lτ=64
L
τ
=56

L
τ
=48

Lτ=40
L
τ
=32

L
τ
=24

L
τ
=160 50 100 150L

τ

0.15

0.2

0.25

0.3

0.35

σ

ωn/(2πT)=7

Villain Model



0 2 4 6 8 10 12 14 16 18 20
ωn/(2πT)

0

0.1

0.2

0.3

0.4

σ
(iω

n)/σ
Q

T -> 0
βU=110
βU=100
βU=80
βU=70
βU=60
βU=50
βU=40
βU=30
βU=20

Quantum Rotors



0 5 10 15 20
ωn/(2πT)

0.35

0.36

0.37

0.38

0.39

0.40
σ

(iω
n)/σ

Q
Quantum Rotor Model
Villain Model

T ! 0 Extrapolated Results

W. Witczak-Krempa,ESS,S. Sachdev Nat Phys 2014
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2 Parameter fit in σ(∞) and 𝛾



REFINED ANALYSIS: INCLUDE SCALAR FIELD
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HOLOGRAPHIC CONDUCTIVITY IN THE COMPLEX PLANE
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